Abstract. We consider arithmetic progressions on Pellian equations x 2 − d y 2 = m, i.e. integral solutions such that the y-coordinates are in arithmetic progression. We construct explicit innite families of d, m for which there exists a ve-term arithmetic progression in the y-coordinate, and we prove the existence of innitely many pairs d, m parametrized by points of an elliptic curve of positive rank for which the corresponding Pellian equations have solutions whose y-component form a six-term arithmetic progression. Then we exhibit many six-term progressions whose elements are the y-components of solutions for an equation of the form x 2 − d y 2 = m with small coecients d, m and also several particular seven-term examples. Finally we show a procedure for searching ve-term arithmetic progressions for which there exist a couple of pairs (d 1 , m 1 ) and (d 2 , m 2 ) for which the progression is a solution of the associated Pellian equations. These results extend and complement recent results of Dujella, Peth® and Tadi¢, and Peth® and Ziegler.
Introduction
The existence of arithmetic progressions in sets of relevance in the theory of numbers is a classical problem studied by many authors. Probably the most famous among them is the problem of primes in arithmetic progressions, solved by B. Green and T. Tao in [GT] . Bremner considered in [Br1] the existence of arithmetic progressions on elliptic curves and constructed elliptic curves with 8 rational points (x, y) whose x-components are in arithmetic progression. Bremner, Silverman and Tzanakis [BST] showed that the elliptic curve y 2 = x(x 2 − n 2 ) of rank 1 does not have non-trivial integral arithmetic progressions. Campbell [Ca] found an innite family of elliptic curves with 9 integral points in arithmetic progression; later on Ulas [U1] improved this result to an innite family with arithmetic progressions of 12 points. Finally MacLeod [ML] got new families of 12 terms and some examples of progressions with 14 terms. Further examples of similar problems and results can be found in [Al, Br2, U2] .
The case of Pellian equations x 2 − d y 2 = m has been studied in the the papers of Dujella, Peth® and Tadi¢ [DPT] and Peth® and Ziegler [PZ] . Dujella, Peth® and Tadi¢ [DPT] have shown that for any four-term arithmetic progression, except {0, 1, 2, 3} and {−3, −2, −1, 0}, there exist innitely many pairs d, m, with d nonsquare and gcd (d, m) square-free, such that the terms of the given progression are y-components of solutions of the equations
They also exhibit several examples of six-term progressions and an example of a seven-term progression. Peth® and Ziegler [PZ] 
where denotes any perfect square; a is the rst term of the arithmetic progression and ∆ the dierence. Furthermore, we require that gcd(a, ∆) = 1, gcd(d, m) is square-free, and |a
The reason to study only the ycomponent is that a three term arithmetic progression can appear only a nite number of times as the x-component of a Pellian equation (see [PZ] ). We construct, by two dierent methods, explicit innite families of pairs d, m for which there exist ve-term arithmetic progressions. We also prove the existence of innitely many pairs d, m parametrized by points of an elliptic curve of rank 3 for which the corresponding Pellian equation has a six-term solution. We also show the existence of innitely many 5-term arithmetic progressions for which there exist a couple of essentially dierent pairs (d 1 , m 1 ) and (d 2 , m 2 ) for which the members of the progression are solutions of the associated Pellian equations. Finally we give examples of six and seven term progressions, and of ve term progressions which are solutions of two dierent equations.
The first method: direct search
We look for solutions imposing directly that they must satisfy equation (1). To make things somewhat simpler, we divide by ∆ 2 , let α = a/∆, and look for solutions in Q with ∆ = 1. We begin with 3-term solutions:
Solving for m, d and α we get
2.1. Four-term progressions. With the above values of m, d and α, we impose that α + 3 is also a solution in the following way:
(we denote the fourth square by (x 0 +x 3 )
2
, and not x 2 3 , to simplify further notation). From here we get
Substituting the above value of x 0 in (2) we obtain This admits the parametric solution
The corresponding values for d, m, a and ∆ once simplied and taking o common factors are:
An alternative way to parametrize the quartic equation (4) is to take
Then the left-hand side of (4) becomes
) .
It is enough to choose particular values of g for which 3 + 6 g 2 + 27 g 4 is a perfect square and then parametrize the inner conic in x 3 . This can be achieved because the quartic h
is equivalent to the elliptic curve y
whose rank is equal to 1. Moreover, for any g such that −8 + 108 g 2 is a square, we can parametrize the inner conic in x 1 . This is possible because −8 + 108 g 2 = h 2 has a particular solution, for instance g = 1, h = 10.
2.3. Six-term progressions. Finally, the condition that
where m, d, a and ∆ are given in (5), yields the quartic equation
The corresponding curve is birationally equivalent to the elliptic curve of rank 3
giving innitely many values of the parameters u, v, for which the Pellian equation dened by the parameters in (5) has a six-term solution.
The second method: adjusting polynomials
It is based on the fact that for any monic polynomial
This idea has been used in [F, ACP] to construct elliptic curves of high rank.
3.1. Adjusting with polynomials of degree 6. Consider the polynomial of degree 6
where u is a free parameter. Then
where q(x) is a degree 3 polynomial and
) . After simplifying we get the following uniparametric family of ve-term solutions
Now we make
3.2. Adjusting with polynomials of degree 4. Given 0 ≤ k ≤ 4, we consider the polynomial of degree 4 dened by
It can be written as
where q k is a monic polynomial of degree 2 and d k , m k are rational functions of a and ∆. The equation
In order to complete the ve-term progression we have to impose the missing term, y = a+k ∆, as a new solution. This produces a quadratic equation, whose solutions can be parametrized and give a family of Pellian equations with ve-term solutions. When k = 0, k = 2 or k = 4, these families turn out to be trivial.
When k = 1 we have
(4 a + 9 ∆) 2 ,
4(4 a + 9 ∆)
.
Parametrizing this conic and eliminating denominators and superuous squares we arrive to the following family
2 + m 1 = translates into the quartic
Since it has a rational point (e.g. with U/W = 1/3), it is birationally equivalent to the elliptic curve y 2 = x 3 + 12 x 2 − 180 x whose rank is 2, so again we nd innitely many pairs (d 1 , m 1 ) having six-term solutions for the corresponding Pellian equation
A similar construction can be made for k = 3. In this case we get the following family:
The condition d 3 (a 3 + 5 ∆ 3 ) 2 + m 3 = gives the quartic (10)
Since it has a rational point (e.g. with U = 0), it is birationally equivalent to the elliptic curve y 2 = x 3 + 27 x 2 − 360 x of rank 3. Thus, as in the preceding case, innitely many Pellian equations with six-term progressions as solutions can be derived from it.
Five-term progressions for several equations
It is shown in [PZ] that for each ve-term progression (with dierent absolute values) there are at most nitely many d, m ∈ Z such that d is not a square, gcd(d, m) is square-free and such that these ve numbers are y-components of solutions to
In this section we use the two ve-term families given by (7) and (9) in order to get examples of ve-term arithmetic progressions having at least two essentially dierent pairs (d, m) such that these are solutions of the corresponding Pellian equations.
Based on the expressions of ∆ 1 and ∆ 3 , we look for values of the parameters
We have
Thus we get
With this value of w we let v ′ = λ v, λ ∈ Q, and impose a 1 (9 u + 18 v, w + 16 u +
, which is equivalent to the second degree
The discriminant of this equation with respect to v is given by
So for a rational solution to exist, this expression must be a square, which happens when
But since the polynomial on the left hand side assumes a square value for λ = −1, this quartic curve is birationally equivalent to the elliptic curve y 2 = x 3 −34682 x 2 + 293420281 x whose rank is 2, so there are innitely many solutions λ ∈ Q for which the Pellian equations corresponding to the pairs (d 1 , m 1 ) and (d 3 , m 3 ) admit a common ve-term progression as solutions.
In some cases the values of (d 1 , m 1 ) and (d 3 , m 3 ) are essentially the same. In fact, this happens exactly when λ is a rational zero of the resultant of the polynomials a 1 −a 3 and d 1 m 3 −d 3 m 1 , and these zeros are −1, −7/75, 27/41 and 699/457. Therefore, there are innitely many λ ∈ Q which produce dierent pairs (d 1 , m 1 ) and (d 3 , m 3 ). We show next that this construction produces innitely many (essentially) dierent pairs (a, ∆) which give ve-term progressions satisfying Pellian equations for two dierent pairs (d 1 , m 1 ) and (d 3 , m 3 ) .
Let λ ′ ∈ Q produce the pair (a ′ , ∆ ′ ), and certain pairs (d 1 , m 1 ) and (d 3 , m 3 ). We are interested in the question how many other rational λ can produce the (essentially) identical pair (a
be given. Then we seek for λ ∈ Q which satisfy the system a 1 − a 3 = 0 and a 1 − z ∆ 1 = 0. After eliminating the denominators, we look at the resultant of the polynomials a 1 − a 3 and a 1 − z ∆ 1 (as polynomials in v). The condition that the resultant is equal to 0 gives a (nonzero) polynomial of degree 8 in λ, the leading coecient being 8642970851449 z 2 + 34571883405796 z − 2625169872622968, so it has at most 8 rational solutions λ. Assume that our procedure gives only nitely many dierent pairs (a, ∆). Then innitely many λ produce the (essentially) identical pair (a, ∆). However, this contradicts what we proved above that at most 8 λ can produce the same pair (a, ∆). For instance, take z = −36/41. Then the resultant is equal to 0 for λ = 11/57, 57/11, 297/791, −755/143. It can be shown that these four numbers correspond to four 2-torsion points on the elliptic curve induced by the condition a 1 − a 3 = 0. The smallest values (λ, u, v) for which the pairs (d 1 , m 1 ) and (d 3 , m 3 ) are dierent are given in table 1.
Examples
In this section we present some of the results found in our search for arithmetic progressions in solutions of Pellian equations. The search was carried out by looking for solutions of the quartics (8) and (10), and then computing the parameters of the Pellian equations and of the corresponding arithmetic progressions using the formulas given in (7) and (9). The computations made use of mwrank [C] , Table 1 . Small values of (λ, u, v) Table 2 shows some examples of six-term progressions having small coecients. We have chosen |d| ≤ 5000. 5.4. Five-term solutions for more than one equation. In [DPT] various examples are shown each having a couple of pairs (d, m) of which they are a solution.
In table 4 we show several additional examples, one of them having three pairs (d, m) . The rst one and the two last ones were found by the procedure of section 4. 
